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Abstract 

We obtain geometric estimates for the first eigenvalue and the fundamental tone of the p-laplacian 
on manifolds in terms of admissible vector fields. Also, we defined a new spectral invariant and 
we show its relation with the geometry of the manifold. 

1 Introduction and statement of results 

The Laplace-Beltrami operator on a Riemannian manifold, its spectral theory and the relations 
between its first eigenvalue and the geometrical data of the manifold, such as curvatures, diameter, 
injectivity radius, volume, has been extensively studied in the recent mathematical literature. In 
the last few years, another operator, called p-Laplacian, arising from problems on Non-Newtonian 
Fluids, Glaceology, Nonlinear Elasticity, and in problems of Nonlinear Partial Differential Equations 
came to the light of Geometry. Since then, geometers showed that this operator exhibit some very 
interesting analogies with the Laplacian. 

Let (M, g) be a smooth Riemannian manifold and Q C M a domain. For 1 < p < oo, the 
p-laplacian on SI is defined by 

A p (u) = -div [||Vuf~ 2 (W)l . (1.1) 
This operator appears naturally from the variational problem associated to the energy functional 

E p : Wo*(n) -> M given by E p (u) = [ \\Vu\\ p dU 

Jn 

where W ' p (fl) denotes the Sobolev space given by the closure of C°° (O) -functions with compact 
support in Q, for the norm 

\\u\\p = I \ u \p <m+ ! ||Vuf dfi. 
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Observe that, when p = 2, A 2 is just the Laplace-Beltrami operator. We are interested in the nonlinear 
eigenvalue problem 



A p u + \\u\ p - 2 t 



(1.2) 



Since solutions for this problem, for arbitrary p G (1, 00) are only locally C 1,a (tl) (exceptions for the 
case p = 2), they must be described in the sense of distributions, that is, u G Wq' p (Q) \ {0} is an 
eigenfunction associated to the eigenvalue A, if 



/ \\X7u\\ p - 2 g{X7u,X7(f>) d£l = A / \u\ p ~ 2 u(f> dfl 
Jq Jn 



for any test function 4> £ Co°(^)- Clearly, A = is an eigenvalue of A p , with associated eigenf unctions 
being the constant functions. 

Question: Does there exists spectrum for A p A = is an eigenvalue, but are there others ? This should 
be clear in this text. 

The set cr p (M) of the remaining eigenvalues of (??) is an unbounded subset of (0, 00) at least 
for euclidian domains, VL C W 1 , as quoted in [8] (see also (7|) whose infimum inf a p = is an 

eigenvalue. 

Question: What about for manifolds? Is the set a p (M) unbounded? non-empty etc 

It is also known (see |8J) that the first eigenvalue is simple and the first eigenfunctions for 
geodesic balls on space-forms are radial. 

From here on, things are not clear at all!!! Is there a Rayleigh Theorem for A p Is the funda- 
mental tone of an open domain the first eigenvalue 

Let Q C M a domain with compact closure and nonempty boundary dfl. The p-fundamental 
tone ofQ., denoted by is defined as follows: 



l4(fl) = inf 



in Iiv/F dn 
L\f\ p dn ' 



when U has piecewise smooth boundary, then ^* coincides with the first eigenvalue of the prob- 
lem (|1.2|) with boundary condition u\qq = 0, by Rayleigh's Theorem. In particular, when M is a 
closed manifold, i.e. compact without boundary, we get 



fj,*JM) = = inf 



f M \\Vu\\ p dM 
j M \u\ p dM 



; u G W 1,p (M),u / 0, / dM = ol 

J M J 



Observe that if S7i C VI2 are bounded domains, then /U„(f2i) > fJ. p (^2) > 0. Thus one may define the 
p-fundamental tone n p (M) of an open Riemannian manifold (i.e., complete noncompact) as the limit 

M ;(M) = lim i4(B r (q)) 

where B r (q) is the geodesic ball of radius r centered at q G M 

When p = 2 the p-laplacian is simply the laplacian and the p-fundamental tone is simply 
called the fundamental tone. Interesting estimates on the fundamental tone for the Laplace-Beltrami 
operator on a Riemannian manifold have been recently obtained by G. Pacelli Bessa and the second 
author (see, for instance [lj and 121). This paper presents an attempt to extend their variational 
argument to the p-laplacian. Precisely we have 



eigenv pi 
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mainl Theorem 1.1. Let $7 c M be a domain (dVL 7^ 0) in a Riemannian manifold, M. Then 

* ^ > (L3) 

where c(fl) is the constant given in (12. 9P 

To present the second variational estimate we need to introduce some preliminary definitions 
which will allow us to deal with divergence of vector fields in a weak sense. 

Definition 1.1 (Weak divergence). Let (M, g) be a Riemannian manifold and X £ Lj oc (X(M)) (in the sense 
that \\X\\ £ Lj oc (M)) A function h £ Lj oc (M) is said to be a weak divergence of X, denoted by h = DivX if 
for every <fi £ Cg° (M) it holds 



4>hdp = - / g(V<f>,X) dp, (1.4) 

M JM 

The weak divergence exists for almost every point of M. If X £ W 1 ' (M) and / £ C 1 (M) then 
fX £ W l ^{M) with Div(/X) = g(Vf, X) + /DivX. In particular for / £ C^(M) we have that 

/ Div(/X) &n = f \g(Vf,X) + fBw(X)] ^ = (1.5) 
Jm Jm l j 

With these notations fixed we have 



main2 | Theorem 1.2. Let (M, g) be a Riemannian manifold. Then the following estimate holds 

H* p (M) > supjinf ((1 -p)\\X\\ q + Biv(X)y XtW^iM)^ (1.6) 
As a simple consequence of Theorem ll.il we obtain a generalization of Mckean theorem, [?] 



mckean | Theorem 1.3 (Generalized Mckean). Let M be an n-dimensional, complete noncompact, simply connected 
Riemannian manifold with sectional curvature K < — c 2 < 0, then 

(n — \)P r P 

m;(m) > 

In particular, when p = 2 this is the Mckean theorem. 

Contrary to the Laplace operator, the p-laplacian has not been proved to be discrete, even for 
euclidian domains Q C M n (as remarked in [61). There are few results related to the spectrum of 
such operator. For instance, Lindqvist, in 0, describes the first and the second eigenvalues for the 
p-laplacian. We would like to obtain other invariants which might provide us with some additional 
information relating the geometry of the manifold and its spectral structure. An interesting spectral 
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invariant on M associated to the Laplace-Beltrami operator is the essential spectrum of M, which con- 
sists of points of the spectrum of A which are either accumulation points on points on the spectrum 
or which correspond to discrete eigenvalues of A with infinite multiplicity, and the greatest lower 
bound of the essential spectrum, Af ss (M) . In particular, when M is compact, the essential spectrum 
is empty and it holds the following properties Ai(M) < Af S (M) and Af S (M) = lim^ Ai(M - K), 
where K runs through all compact subsets of M (see [3]). Due to the difficulties in the understanding 
the spectrum of the p-Laplace operator, we shall define its essential p-first eigenvalue, as 



Where K runs through all compact subsets K of M (More generally, we can define in a similar way 
its essential p-kth eigenvalue). With respect to essential spectrum we prove if 9{M) is the exponential 
volume growth of M defined by 



where V r {xo) is the volume of the geodesic ball B r (x ), then we get a Brooks-type theorem (see fl3l ) 
Theorem 1.4. If the volume of M is infinity, then ^l\ s ^{M) < y P . 



2 Geometric estimates 

Following closely ID and [2] we shall introduce geometric invariants associated to certain 
spaces of vector fields that will be used to give lower bounds for the fundamental tone for p-laplacian. 
In this direction we begin with 

Definition 2.1. Let n c M be a domain with compact closure in a smooth Riemannian manifold (M n ,g). 
Let 3E(f2) be the set of all smooth vector fields, X, on n with sup norm ||X||oo = sup Q ||X|| < oo (where 
\\X\\ = giX^X) 1 ' 2 ) flndinf c div X > 0. Define c(O) by 



As remarked in [1], X(Q) is a nonvoid set of smooth vector fields on Q 
Proof of Theorem ll.il 

Let X G £(Q) a smooth vector field and / G Cq° (O) any positive function, then the vector field 
f p X has compact support in Q. We compute the divergence of f p X 



(1.7) 



6(M) = limsup - log(V r (x )) 



(1.8) 




(2.9) fundament 



o = f div (f p x) dn 



Jn 



f { <v(f p ),x>+Fdiv(x)} dn 



Jn 
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by the Cauchy-Schwartz inequality. That is 

o > J { -pl/r^v/iliixii + rdiv (x)} dn 

Now, the Young inequality, for any a, [3 > 



ap < 1 , 

P Q 

implies that for any e > the next inequality holds: 



1 1 
if - + - = 1 

p q 



e q /3 q 



a/3< + 

peP q 

Apply the Young inequality (|2.12|) to the inequality (|2.10[) , letting 

a:=p\\Vf\\ and := \f\ p ~ x \\X\ 



to get: 



> 



(p||V/ll) p e*(|/Ml*ll)« 

peP 
p p-i 



eP 
pP- 1 
eP 



iiv/r 



e q \\X\\ q 



+ / p div (x) } dn 



|/|(p- 1 )« + /Pdiv(A') } dQ 



iiv/r+ divpo 



e q \\X\\i 



\f\ p dn 



> 



pP-i 
eP 



\\Vf\\ p dn+ infdiv(X) sup / \f\ p dn 



that is 



or else 



pP-i 
eP 



IIV/P dn > infdiv(X) supllXll 9 

n q q 



\f\ p dn 



(2.10) ineql 



(2.11) 



(2.12) epsilon-^ 



(2.13) 



[\\Vf\\ p dn > -^ T (infdiv(X)--sup||Xr) [\f\ p dn (2.14) 
Jn pP \ n q n ) J n 

Remark that when one has div (X) < on n, the previous inequality is trivial and does not bring any 
interesting information. So we shall assume tacitly that div (X) > on n. Consider the function 

i)){e) = e p (A - Be q ) 

with A > and B > 0. We will look for the maximum this function assumes as a function of A and 
B. This is a straightforward calculation: 



p-estimat 



fj/{e) = eP^lpA - (p + q)Be q ] 
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• thus the zeroes of ip are given by 

ei = and £2 



pA 



(P + q)B 



1/9 



• ^"(e) = e p ~ 2 [p(p - 1)A - (p + q)(p + q - l)Be q ] 

• calculating ip" on both e\ and £2 we get 

rp"(si) = and ip"{e 2 ) = -pqe p 2 ~ 2 A < 

• consequently £2 is a maximum and the maximum value of ip is given by 



. pA \ p/q qA qpP/lAP 
' ' 2) \(p + q)Bj p + q~ (p + g)PBP/« 



since 1 + p/g = p 



We will substitute conveniently these reasonings into the integral estimate (I2.14I ) letting ^4 = info div (X) 
and = sup^ ||Jf Observe that: 



max 

e 



£ p (^infdiv (X) 



£?SU Pn ||X||9 



and consequently 
1 



7 max 

pP- 1 s 



e p [ infdiv (X) 



eisu Vn \\X\\i 



qPpP/g (inf Q div (X))^ 
(p + ^P sup n ||X||P 

1 /inf n div(X)V 



p p V su p^ ll^l 



(2.15) 



optimal e 



inserting the estimate (|2.15|) in (|2.14|) we get 



l|V/|| p dO > - 



1 /info div (X) 



V \\ x \ 



\f\ p dn 



> 



1 



sup 



info div (X) 



\X\ 



and thus 



/ iiv/r 



|/|P dfl 



leading to the estimate for the fundamental tone 



M ;(0) = inf 
This concludes the proof. □ 



: / £ wi' p (r2) \ {0} \ > 



c(Q)* 

pP 



(2.16) 



(2.17) 



As for a first application we prove McKean's generalized theorem ll.3l 
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Take for vector field X = Vp, the gradient of distance function from a point o and observe that 
||Vp|| = 1. On the other hand div (Vp) = Ap. Now, since Km < — c 2 < the laplacian comparison 
theorem implies that Ap > (n — l)c. Hence 

(n-l)PcP 1 ( div (Vp) y ^ c(M)f 



pP 

concluding the proof. □ 



Now we shall obtain estimates of the fundamental tone of manifolds with curvature bounded from 
above: 

Let o G M be a fixed point of M and p : .Br(o) C M — > R, the distance function from o, i.e., 
p(x) = dist(o, cc) which is smooth outside the cut locus of o. Set 

/ = p i = ff/ip-V and X = ||V/|r 2 V/ (2.18) 

we determine explicitly this vector field, X. Since V/ = qp q ~ l V p, and || V/|| = qp q ~ x it follows that 

x = (^- i r 2 ^- i vp= (7 ^- 2 ) +i p ( ^ 1){ ^ 2)+( ^ 1) vp 

thus implying that ||X|| < q p ^ 1 R that is, X is a bounded vector field on the ball Br(o). With 
respect to the divergency of X it is immediate that 

div X = div (q^pVp) = q^ 1 ( < Vp, Vp > +pAp) 
= g^l + pAp) 

Now, we compare the laplacian on M with the laplacian on the spherically symmetric space 

R]{R n , g f = dr 2 + f 2 (r)d9 2 ) 

where gf is a complete Riemannian metric given in polar coordinates - d6 2 represents the standard 
metric on the (n — 1) -dimensional unit sphere in the euclidian space and r(x) = dist(0, x). For x = r9, 
r > and 6 G S 1 ™ -1 , we remember that the hessian and laplacian of r are given by 

fir) f(r) 
Hessr(x) = -jr^igf - dr ® dr) Ar=(n-l) J 



/W w ' v 'fir) 

f"(r) 

Let Kj ad (p) = — denote the radial sectional curvatures (that is the curvatures along geodesic 

rays from the base point 0, containing the tangent direction to the ray) of RJ at p = r6. We remember 
the comparison theorem: 

Lemma 2.1 (Laplacian Comparison Theorem). Let Mbea complete Riemannian manifold and xq,xi G M. 
Let 7 : [0, p(xi)] M be a minimizing geodesic joining x an d x\, where p(x) is the distance function 
dist(x ,x). Let K r ^ d > denote the radial sectional curvatures of M along 7 and assume that K M ld (x) < 
K r f ad {p{x)) then 

A " W£( "- 1) 7^F <2 ' 19) 



In particular, when k is a constant 

f(r) = fk{r) = < 



l 



sin ykr if k > 
r if k = 

smb. \/ —kr if k < 



(2.20) 



turns MJi into the space form of constant curvature k. In these cases /'(r)//(r), are given by 



fir) 
f(r) 



-k coth(v— kr) if k < 



(2.21) 



thus 



\/fccot(\/^r) i/ > 0, andr <'Kj2\fk 
hence, setting /i/(r) = f'{r)/f(r): 

div (X) > (f-^l + (n - l)p(x)^(p(x))) 



inf div(X) > q?- 1 1 + (n - 1) inf p(x)(JL f {p(x)) 
B R (o) \ B R (o) 



consequently we obtain the following estimate: 

„VR fn^> f^ J niB n(o) diY ( X ) Y > (i l + i n -l)iixl BR{o) p{x)p jf {p{x))) 
^ P \ B R\ )) > I SU P " 1 > 



X P\\X\\ Xco {B R {p))\ 



pR 



(2.22) 



Summarizing, we get the following generalization of theorem (4.1) of (H 

Theorem 2.1. Let M n an n-dimensional complete Riemannian manifold and £?m(<Z, a geodesic ball with 
radius r < inj(q). Let n{q,r) = sup{Km(x);x G BM{q,r)} where Km(%) <xre the sectional curvatures of 
M at x. We have for k > that 



l4(B R (o)) > sup 



mi BR{o) dw(X)y f(l + (n - I) mi BR{o) p(x)pi(p(x)))\ l 



X P\\X\\ Xoo {B R {o))\ 



pR 



(2.23) 



We now prove Theorem 11.21 which constitute a valuable tool for estimating the fundamental tone on 
open manifolds. 

Proof of Theorem ll.2I Let X G W ' (M) and / G In case of closed manifold or a bounded domain, 
C M we get the estimate for any nonnegative test function / G Cg° and any smooth vector field X 
such that supp( f p X) CC M: 



div (f p X) dM 



M 



<v(n,x>+rdw(x) 



dM 



pfP- 1 <Vf,X> +/ p div(X) 



> 



> 



> 



M 



dM > 



-P 



+ 



p 



+ f p div(X) 



-^- 1 ||V/||||X||+/fdiv(X) 
dM 



dM 



M 



||V/f dM + 



I (--\\X\\ q + div (X)] f p dM 
Jm \ Q J 



[ ||V/f dM + inf ((1 -p)\\X\\ q + div(X)) [ f p dM 
Jm M ^ J m 



a p b q 

where we have used the Young inequality ab < 1 for the pair a = ||V/|| and b = f p ~ 1 \\X\\ and 

the fact that the exponents p, q are conjugate, that is (p — l)q = p. Thus we have 

/ ||V/|| P dM > inf ((l-p)\\X\\ q + div(X)) [ f p dM 
Jm m ^ ' Jm 

or 

for any vector field X e W ' (M), hence we obtain 

f ||V/||P dM > ((l-p)\\X\\i + div(X)) (2.24) 

J M f p dM " ftW M(M) M ^ ' 

and taking the greatest lower bound over all test functions / on the left side of the equation l2.25l we 
get 

M ;(M)= inf Im ^JJf A f > sup mf((l-p)||Xr + div(X)) (2.25) 
Wt' p (M) J M \f\ P dM XeW 1 ' 1 (AI) J 

This concludes the proof of the lema. □ 

Now let u be the first eigenf unction associated to the eigenvalue that is 

A p u = m yP (p)\u\ p ~ 2 u 

and consider the vector field 



variatior 



variatior 



x = _Wg*l (2 . 26) 

\u\ p A u 



we calculate its norm and divergence: 



\X\\ q = " , , '' Wu\\ 



p ~ l " V V lul^" 1 / liiKp- 1 )^ \u\p 
and 

v /||Vuf- 2 Vu\ div(||Vu||P- 2 Vu) ..„ - „ 1 

= -dw ^ -L- j = — yi_Ji_ — ^-<nv.ir 2 v.,v^ riy > 

= fW + (P - l)^ P l|V^|| p - 2 < Vn, Vu >= MliP (fi) + (p - 1)^- 
gathering these results 

(1 - p)\\X\\* + div (X) = (1 - + + (p - 1)^? = Mi^(n) 
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icialspec 



"idamental 



We now consider estimates on the essential spectrum of A p . This section is based on paper of 
Robert Brooks O 

Pick a point xo G M n , and for each r > 0, denote B t (xq) the ball centered at p, of radius r and 
V r (xo) the volume of this ball. If one sets 

8(M) = limsup - log(V r {x )) (2.27) 

r— »oc y 

it is not hard to verify, via triangle inequality, that this number does not depend on xq, and is actually 
an invariant of the manifold, M called the exponential growth of M. For example If M = H n (—c 2 ) is 
the hyperbolic space of constant curvature — c 2 , then the volume of any ball is given by 

V(r) = ^ f sinh^ci dt 
c?1 Jo 

implying that 

6(M) = limsup - log f sinh* 1 - 1 (ct) dt] 

r^oo T \C n Jo J 

sinh™ -1 cr 

= lim 



/ r sinh ri - 1 ( rf ) dt 

sinh n ~ 2 cr cosh cr 
sinh n_1 (cr) 



(n — l)c lim = = (n — l)c 

v / _ . i,n— 1 / ___\ 



in particular if M is an open manifold with curvature bounded above by sup Km < — c 2 then, the 
Bishop-Gromov volume comparison gives for any q G Mandanyr > 0,volM(B r (q)) > vol H nt- c 2)(B r ), 
where B r is any ball of radius r in H n (—c 2 ). Consequently, we get 

6(M) > (n-l)c = 9{H n {-c 2 )) 

Theorem 2.2. If the volume of M is infinity, then fip SS < 

The proof of this theorem is, amazingly, a straightforward consequence of the lemma below 
(see Theorem 2 of 0): 

Lemma 2.2. Let K be a compact set (possibly empty) subset of M, and no )P {M — K) = the greatest lower 
bound of the spectrum of A p on L P (M — K), with Dirichlet boundary condition on d. Let p(x) = dist(xo, x) 
denote the distance function from a fixed point xq G M. If 

/ e - 2 vap(*) dx for some a satisfying < a < 'fi , p (M - K) 

J M-K 

then 

e 2pap(x) dx<OQ 



j 

J A 



M-K 
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We proceed the proof of the lema: 

Consider a test function defined by f(x) = e h ( x 'x( x )r where we assume x( x ) has compact 
support in M — K. In the sequel we will denote for simplicity /xq := Ho, p {M — K). Then, since 



IIV/P dx > p / \f\P dx 

M-K JM-K 



(2.28) 



it follows that 



||V/P dx 



M-K 



e ph{x) \\x^h + V X \\ p dx 



M-K 



[ e ph{x) | < xV/i + Vx, xV/i + Vx > T /2 
Jm-k 



< 



< 



° ph(x) \x 2 



''\\Vhf + 2 X | < Vh, Vx > | + ||Vx|| 2 | p/2 ^ 



M-K 



\f\P\\Vh\\ P + e^*) r 2 P/2 x? >/2|| V ^ r /2| |Vx| |p/2 + | |Vx || ? 



dx 



that is 



iiv/p dx < / i/niv^i^dx 

M—K JM-K 



+ / e 

i M-K 



ph(x) 



2f/V /2 l|v/ i p/ 2 ||Vxir /2 + l|Vxll p 



dx 



hence, comparing (|2.28|l with (|2.29|l we get 



\f\pu -\\vh\\n dx< I < 

M-K v 7 J M—K 



ph(x) 



'2P/V /2 IIVfep/ 2 ||Vxir /2 + l|VxP 



dx 



(2.29) 



(2.30) 



We now suppose that ||V/t|| < a < [ij v , and, for some exhaustion K i C . . . C C . . . C 
M — K through compact subsets of M — K we set, for each i e N and any fixed positive number d 

0, if xGM-(KU 



Xi,d( x ) 



-p(x,M-Ki), if 0< p(x,M-Ki) < d 
d 



(2.31) 



1. 



if p{x,M-K l )>d 



Then it is immediate to verify that ||Vxi,d|| < and Vxi.d is supported in the tubular neighborhood 
Td{dKi) of radius d around dK{. Observe that according i — ► oo one gets <9/Q — > <9(M — if) = <9K 

thus r d (a^) - r d (a^). 

We now suppose that ||V/i|| < a < /Xo^ p then, taking for each i the test function /j(x) = 
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e h ^Xi,d( x ) fr° m (|2.30)) and the above restriction on || Vh\\ we obtain 



/ 

J M-K 



\k\ v Uz ~ oP) dx < I \U\ p Uo ~ \\Vh\\A dx 
v ' Jm-k v 7 

2 p/2 xr /2 ||V/ i f /2 ||Vx 4 || p/2 + ||Vx l || p 



< 



< 



< 



T d (dKi) 



T d (dK x ) 



ph(x) 



a ph(x) 



dx 



2 P/ 2 \\Vh\\^ 2 ^+ 1 



i 

dP 



dpi 2 dP 
e ph{x) dx 



dx 



T d (8Ki) 



Consequently, for e ph G L X (M — K), letting i —* oo we get 

|/|pf/xo-a pN ) dx< 



/ 

J A 



M-K 



Mo ' - 



2y/2 ^ 



Under the assumption J M _ K e p^/ 5 ^) < oo we may define a sequence of functions hj as 



follows 



hj(x) = min{ap(x), j — ap(x)} 



Observe that for each j, \\Vhj\\ < a, and that this is an increasing sequence converging pointwisely 
to h(x) = ap(x). Thus, for j sufficiently large (for instance j > 2a.dist(xo, T d (dK))), we have 



M-K 



d ) + dP 



so 



ePhj(«) ^ < C 



jpap{x) dx 



T d (dK) 



I 

J A 



M-K 



where C is a finite constant, independent of j, given by 



C = C(fjL ,d,a,p,\T d (dK)\) 



y 2 (2d)p/ 2 +i v 



dP(AXo-aP) 

and |T^(9i^)| = volume(T d (dK)). Taking the limit as j —> oo gives 

e pMx) dx<C 



T d {3K)\e 



.pa.dmt(x ,T d {dK)) 



I 

J A 



(2.32) 



M-K 



This concludes the theorem. □ 

Now we can proceed the 
Proof of Theorem H21 

log(Vfr)) 

Since M has exponential volume growth it follows that r ^ converges, for r — * oo, 

to 9. Thus if pa > 9, and 5 > is any positive constant such that pa > 9 + 5 take e = pa — 9 — 5, then 
this implies that there exists M > such that for r > M it holds V(r) < e (e+e)r = e ^ a ~ S)T 
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/ 



e -pa P (x) dx < J2[V(r) - V(r - l)]e- pa{r ~ l) 

r=l 

oo 

< ^2v{r)e- pa{ ~ T - l) [e pa -I] 

r=l 

M oo 

< J2 V ( r ) e ~ Pa(r ~ 1) i ePa ~ + S e- 5r [e pa (e pa - 1)] < oo 



r=l r=M 

Since the last expression is a sum of a geometric series. 

We now conclude from lemma !2.2l that if pa > #anda < (i Pt i(M — K) we have J M _ K e pap<yX ^ dx < 
oo. But this is impossible since M has infinite volume. 

9( A/f\P 

Therefore, there is no such a, and we have shown /zi )P (M — K) < — . Taking the limit 

9{M) p 

Now we point some consequences (see p| V 



over arbitrarily large K, we see that \i e v ss (M) < — . □ 



Corollary 2.1. If M has subexponential growth then n\ s ^{M) = 

In particular, when M n is a manifold of polynomial growth one has n\ s ^ (M) = 
Proof If M has subexponential growth then 9{M) = 0, thus < n e p ss {M) < 0. □ 
To state next corollary we need Cheeger isoperimetric constant, h(M): 

h(M) = M^g (2.33) 
v ; N vol(mtN) 

where N runs over all compact (n — 1) -dimensional submanifolds of M dividing M into two compo- 
nents, and int N denotes the bounded component. 

Corollary 2.2. h(M) < 0{M). Furthermore, equality holds if the ratio S(r)/V(r) tends to h(M) as r — > oo, 

9(M) P 

where S(r) denotes the surface area of the distance sphere of radius r. In this case //i )P (M) = 
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